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I.		Screen	Shots	of	𝐖𝐨𝐥𝐟𝐫𝐚𝐦 𝐂𝐃𝐅 𝐏𝐥𝐚𝐲𝐞𝐫𝐓𝐌	Apps	for	Inertial	Imaging	
	These	apps	implement	Eq.	(4)	for	cantilever	and	doubly-clamped	elastic	beams.	Users	enter	their	measured	 frequency	 shift	 data	 and	 uncertainties	 for	 each	 vibrational	 mode.	 The	 required	moments	 of	 the	 adsorbate	 and	 their	 uncertainties	 are	 reported.	 The	 calculated	 uncertainties	include	 the	 error	 resulting	 from	 truncation	 of	 Eq.	 (4);	 except	 for	 the	 highest	 order	 moment	reported.	
	
Cantilever	beam:			
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Doubly-clamped	beam:		Tension	 in	 the	beam	 is	determined	 from	 its	measured	 (unloaded)	 resonant	 frequencies,	which	are	entered	in	the	first	row	–	frequency	units	are	irrelevant.	A	minimum	of	two	vibrational	modes	is	required,	starting	from	the	lowest	order	mode.		
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II.		Convergence	and	Truncation	of	Taylor	Expansion	
	Using	the	equation:	 𝛿𝑓!𝑓! = − 𝑚!""#"2𝑀!"#$%" 𝜙!! 𝑥 + 1𝑝!𝜕!𝜙!!𝜕𝑥! !!!!!!!!! 𝑥!  .	We	will	define	each	term	in	the	expansion	as:	
𝑆! 𝑝 = 1𝑝!𝜕!𝜙!!𝜕𝑥! !!! 𝑥! .	If	 we	 consider	 a	 general	 particle	 of	 spatial	 extent,	𝜖 ,	 we	 can	 calculate	 the	𝑝!" 	term	 in	 the	expression:		
𝑆! 𝑝 = 𝜂! 𝑝, 𝑥 1𝑝!  2𝑘! !  𝜖2 !!! = 𝜂! 𝑝, 𝑥 𝜖2 1𝑝!  𝑘!𝜖 !,                  (𝑆1)	where	𝜂! 𝑝, 𝑥 	is	 a	 function	 on	 the	 order	 of	 unity,	𝑘!	is	 the	wavelength	 of	 the	𝑛!"	mode	 of	 the	structure.1			We	first	check	the	convergence	of	the	series	for	𝑝 → ∞	using	the	ratio	test:	lim!→! 𝑆 𝑝 + 1𝑆 𝑝 = lim!→! 𝑘!𝜖𝑝 + 1 = 0.	This	shows	that	the	Taylor	expansion	converges	to	the	value	of	the	function	for	𝑝 → ∞.	However,	in	NEMS	measurements,	we	use	only	the	first	𝑞	terms	in	the	expansion.	If	the	disregarded	terms	in	the	expansion,	𝑆! 𝑝: 𝑝 > 𝑞 ,	are	not	small,	then	the	approximation	will	exhibit	large	error	and	estimates	of	the	spatial	properties	will	be	erroneous.	In	the	figure	directly	below,	we	plot	𝑆!(𝑝)	for	different	modes,	assuming	sinusoidal	mode	shapes	seen	in	a	string-under-tension	situation.		
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	This	figure	shows	that,	it	is	sufficient	to	retain	the	first	4	terms	in	the	Taylor	expansion	for	the	1st	and	2nd	modes;	however,	one	needs	to	keep	the	first	5	terms	for	the	3rd	mode,	and	8	terms	for	the	4th	mode.		Note	 that	𝑆!(𝑝)	depends	 on	 the	 width	 of	 the	 particle	 (adsorbate).	 The	 figure	 directly	 below	illustrates	the	dependence	of	this	function	on	𝑝,	for	different	particles	sizes.	
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For	the	4th	mode,	keeping	the	first	2	terms	is	sufficient	if	the	particle	size	is	smaller	than	or	equal	to	𝜖 = 0.1;	 however,	 when	 the	 particle	 size	 is	𝜖 = 0.3,	 one	 must	 keep	 the	 first	 8	 terms.	 The	situation	becomes	more	severe	with	increasing	mode	number,	since	each	term	contains:	
𝑆! 𝑝 = 𝜂! 𝑝, 𝑥 𝜖2 1𝑝!  𝑘!𝜖 !.	So	 for	 the	higher-order	modes,	𝑘!	is	 large	and	the	term	in	parenthesis	above,	(𝑘!𝜖),	gets	 larger	than	 unity.	 For	 this	 situation,	 the	 series	will	 converge	when	 the	 denominator,	1/𝑝!,	 dominates	𝑘!𝜖 !.	In	the	limiting	case,	𝑝 → ∞,	convergence	is	guaranteed,	since	𝑝!~ 2𝜋𝑛 𝑛𝑒 ! ,   𝑛 → ∞,	giving	 lim!→! 𝑆! 𝑝 = 0.	However	for	large	𝑛,	and	hence	𝑘!,	the	𝑆!(𝑝)	terms	converge	more	slowly	with	increasing	𝑝.	This	is	illustrated	in	the	following	figure	for	the	7th	mode:	
		Hence,	to	use	the	technique	for	a	particle	of	length	0.1,	the	number	of	required	terms	is	5	when	measuring	the	first	7	modes;	whereas	2	terms	are	needed	when	measuring	the	first	4	modes.	In	
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the	above	figure,	the	data	points	for	𝜖 = 0.3	are	beyond	the	range	shown,	which	is	clarified	in	the	following	figure:		
	This	suggests	that,	to	analyze	a	particle	with	𝜖 = 0.3,	using	the	first	7	modes,	the	first	13	terms	in	the	Taylor	expansion	are	required.	When	using	𝑞	modes,	the	truncation	error	is	the	residue:		
𝑅! 𝑞 = 1𝑝!𝜕!𝜙!!𝜕𝑥! !!!!!!!!!!! 𝑥! .	Clearly,	the	residue	must	be	kept	small	relative	to	the	true	value	of	the	expression,	i.e.,	
𝑅! 𝑞 ≪ 𝜙!! 𝑥 + 1𝑝!𝜕!𝜙!!𝜕𝑥! !!!!!!!!! 𝑥! ,	which	also	requires:	
𝑅! 𝑞 ≪ 𝜙!! 𝑥 + 1𝑝!𝜕!𝜙!!𝜕𝑥! !!!!!!!!! 𝑥! .	We	define	the	RHS	as	𝑄!(𝑞):	 𝑄! 𝑞 ≡ 𝜙!! 𝑥 + 1𝑝!𝜕!𝜙!!𝜕𝑥! !!!!!!!!! 𝑥! .	
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Therefore,	we	need	to	ensure	that:	 𝑅! 𝑞𝑄!(𝑞) ≪ 1.	For	an	actual	 experiment,	 truncation	error	will	 exert	 the	 same	effect	as	 frequency	noise	 in	 the	measured,	𝛿𝑓!/𝑓!.	 Therefore,	 for	 practical	 purposes	 the	 truncation	 error	must	 be	 smaller	 than	uncertainty	in	the	determination	of	the	frequency	shift:	𝑅! 𝑞𝑄!(𝑞) ≤ 𝜎!𝛿𝑓!/𝑓! .	where	𝜎!	is	the	Allan	deviation	of	mode	𝑛.		The	 quantity,	 𝑅! 𝑞 /𝑄! 𝑞 ,	can	 be	 numerically	 calculated	 for	 different	mode	 numbers,	𝑛,	 the	number	of	modes	used,	𝑝,	 the	particle	position,	𝑥,	 and	 the	particle	width,	𝜖.	Results	 for	 𝑅! 𝑞 /𝑄! 𝑞 ,	are	plotted	 for	 a	 scenario	 similar	 to	 the	 synthetic	data	 in	 the	manuscript:	 a	 symmetric,	rather	 than	 a	 skewed,	 particle	 is	 placed	 on	 a	 string	 under	 tension.	 The	 left	 boundary	 of	 the	particle	is	at	𝑥 = 0.7.	The	following	figures	give	the	results	for	particles	of	different	widths,	𝜖:	
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	Here,	 it	 is	 again	 evident	 that	more	 than	 10	 terms	 in	 the	 Taylor	 expansion	 are	 required	when	measuring	4	modes	of	the	device	when	the	particle	size	is	large	(𝜖 = 0.3).			
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III.		Condition	for	Convergence	of	Taylor	Expansion			From	the	proceeding	discussion,	it	is	clear	that	one	needs	to	estimate	the	number	of	modes	needed	(N)	for	the	pth	moment	of	a	particle	of	size	𝜖.		For	instance,	Figure	3	of	the	main	text	shows	that	to	estimate	the	position	of	a	particle,	one	needs	3	modes	if	the	particle	size	is	1%	of	the	beam,	but	if	the	particle	size	is	10%	of	the	beam,	then	at	least	5	modes	should	be	used.			When	N	modes	are	measured,	then	one	can	obtain	a	system	of	N	equations	through	which	𝑁	unknowns	can	be	calculated.	Therefore,	the	number	of	modes	𝑁	has	to	be	at	least	equal	to	the	moment,	𝑝,	we	want	to	calculate:	𝑁 ≥ 𝑝.	Under	certain	conditions,	it	will	be	enough	to	use	this	minimum	number	of	modes	(𝑁 = 𝑝),	but	in	other	cases,	more	modes	will	be	needed	(𝑁 > 𝑝).				Considering	the	terms	in	the	systems	of	equations,	we	copy	equation	(4)	of	the	main	text:			𝛿𝑓!𝑓! = − 𝑚!""#"2𝑀!"#$%" 𝜙!! 𝑥 + 1𝑝!𝜕!𝜙!!𝜕𝑥! !!!!!!!!! 𝑥!  .	To	simplify	the	analysis,	we	need	to	write	this	expression	in	a	simpler	form:	
𝒘𝒏 = 𝜓!,! + 𝜓!,! 𝒛𝒑!!!!!! 	Here		𝒘𝒏 ≡ − !!!!!!!""#"!!!"#$%" 	,				𝜓!,! ≡ 𝜙!! 𝑥 	,		𝜓!,! ≡ !!! !!!!!!!! !!!	,		and			𝒛𝒑 ≡< 𝑥! > 	.	With	these	definitions,	the	equation	system	with	𝑁	modes	and	the	desired	moment	𝑝 can	be	expressed	in	the	following	tabular	form:			
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		From	this	tabular	form,	the	effect	of	increasing	the	number	of	modes	(𝑁)	can	be	seen:	the	truncation	error	starts	at	order	𝑁 + 1	for	all	equations.	If	the	number	of	modes	used	(N)	is	large,	then	the	truncation	errors	for	the	entire	linear	system	decreases.	So	one	needs	to	select	an	𝑁	such	that	the	truncation	error	is	much	smaller	compared	to	the	desired	term	of	order	𝑝.		To	facilitate	the	calculation,	we	define	the	excess	mode	parameter	𝑘 ≡ 𝑁 − 𝑝.	If	the	moment	p	can	be	measured	just	by	the	minimum	possible	number	of	𝑝	modes,	then	𝑘 = 0;	otherwise	𝑘	is	positive	and	measures	how	many	more	modes	are	needed	beyond	the	algebraically	minimal	number.	Next,	we	define	the	error	metric	as	the	ratio	of	the	first	truncated	term	of	order	(𝑁 + 1)	to	the	term	that	contains	the	moment	of	interest	(𝑝).	By	using	equation	(S1),	and	approximating	the	wavelength	𝑘!~𝑛,	the	error	metric	reads:		𝑒 𝑝, 𝑘, 𝜖 = 𝑝!𝑝 + 𝑘 + 1 ! 𝑝 + 𝑘 𝜖 !!!                                             (𝑆2)	If	this	error,	e,	is	desired	to	be	smaller	than	a	set	value	𝛿,	then	we	have:		
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𝑝!𝑝 + 𝑘 + 1 ! 𝑝 + 𝑘 𝜖 !!! < 𝛿  	For	a	desired	moment	𝑝,	size	𝜖	and	error	tolerance	𝛿,	this	equation	can	be	solved	numerically	to	calculate	the	excess	number	of	modes	required	(𝑘)	and	the	total	number	of	modes	needed:  𝑁 = 𝑘 + 𝑝.	As	shown	in	the	figures	below,	the	condition	for	the	number	of	modes	(S2)	matches	reasonably	well	with	the	simulation	results	(Figure	4	of	main	text):			
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1	For	a	string	under	tension,	the	function	𝜂! 𝑝, 𝑥 	is		𝜂! 𝑝, 𝑥 = −1 (!!!)÷!cos 2𝜋𝑛𝑥   , 𝑝 even−1 (!!!)÷! sin 2𝜋𝑛𝑥   , 𝑝 odd   	
with	÷	denoting	the	integer	division,	such	as	1 ÷ 2 = 0; 2 ÷ 2 = 1; 3 ÷ 2 = 1 etc. 
